as the space of all complex Radon measures on [a, b] , where the measure p. acts on the function / to give ff(t)du(t) (all integrals are taken on [a, b] unless otherwise stated), and the dual norm on B can be interpreted as \\\u\\\ = total variation of p.. A continuous operator 7? from B to C is defined by Rp(t) =fp(t, s)du(s). We shall assume that p is positive-definite, in the sense that ffp(s, t)dp(s)dp(t) >0 for all nonzero p, in B.
Let 77 be Li[a, b] and let 5 be the restriction of 7? to those measures of the form dm = h(s)ds, hGH. The function p may also be interpreted as the covariance function of a Gaussian process defined with respect to: the probability space ft of all complex functions on /, the Borel field generated by finite dimensional cylinder sets, and a measure P induced by p upon the latter. If p satisfies certain mild differentiability conditions (Loeve, [4] ; Doob, [2] ), the outer measure P* of C in ft is unity, and both the measure and the stochastic process may be considered as defined on C. Thus the functions of C may be considered as elements of a probability space. Statistical estimation theory has been applied to them (Grenander, [3] ; Slepian, [5] ). If one takes the values of such a function/(i) at a finite sequence a of points t\<tl< ■ ■ ■ <<£(") in /, and forms the expression
where the a° are defined by nOO f(tl) = E P(fc, foa'iff), y=i 
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License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use tion to the "maximum-likelihood ratio" which one might wish to consider in estimating some parameter of the process. Now from other considerations (Grenander, [3, ) one can show that the set of functions /for which the p'(f) remain bounded as cr is refined, is of F-measure zero. It is, however, of interest to characterize these functions analytically.
We shall see that they are precisely the range of S1'2 (Theorem 1).
We also shall investigate the range of R, that is, the collection of those /in C for which the equation Rp=f has a solution in B. Now, a simple necessary and sufficient condition that/be in the range of 5 is that E --<«, n-l An where the X" are the eigenvalues of 5 (with proper multiplicity), i.e., Xncpn(t) = fp(t, s)cpn(s)ds for some cpn in H, and the /" are the Fourier coefficients fn=ff(s)<}n(s)ds with respect to a complete orthonormal set of eigenfunctions of 5. (The special role played by Lebesgue measure on / could be played equally well by any Radon measure whose support is the entire interval J; but if this measure is nonatomic, then a homeomorphism of J will transform us back to the case of Lebesgue measure again.)
Of course, there is a necessary and sufficient condition for/ to be in the range of R, due to Hahn and Banach [l ] : that there exist an M>0 such that
where the integer re and the complex numbers 771, »;*,•••, ij" are arbitrary. For many purposes, however, such criteria as the above are difficult to apply. In what follows, we approach the question otherwise: by examining the operators Sil2 and R112.
More notation: we shall write || || for the mean-square norm in H. It is well known that 5 is a completely continuous, positive-definite operator on H. We note also that each eigenfunction is continuous, as is clear from the equation K<l>n(t) f I p(l, s)cbn(s)ds; and Mercer's theorem tells us that E» ~^n<t>n(s)$n(t) converges uniformly to p(s, t) (all sums are to run from 1 to « unless otherwise indicated). The eigenfunctions are complete in H. Furthermore, their linear combinations are uniformly dense in C. For suppose this were not the case; then, by the Hahn-Banach theorem there would be some nonzero p in B with fcpn(t)dp(t) = 0 for all re. But then J J P(S, t)dp.(s)dp(t) =JJ E \n<t>n(s)$n(t)dp.(s)dp,(t) = E A" I I <t>n(s)$n(f)dp(s)dp(f) = E*n J <t>n(s)dp.(S) 2= 0, contradicting the positive-definiteness assumption. 2. Convergence of approximating quadratic forms. We define x(t), for at^t^b, as the element zZ» $n(t)(\n)ll24>n in 7/ (x(0 is, for each t, a function on [a, b]); a legitimate definition, since zZ* \^n(t)Q^n)U2\2 is finite, and, in fact, is just p(t, t). Then clearly (x(s), x(t))=p(t, s). Furthermore, the x(t) span H; for x(t)d>n(t) is a continuous function from [a, b] to 77, and if we take its Bochner integral, we get
We consider the p"(/) of §1:
Then p"(/) is clearly ^0; let p(/) be the l.u.b. (possibly infinite) of all pf(f).
K" is defined as the subspace of H spanned by x(t{), ■ ■ ■ , x(%M), and x"(f) is defined as zZf-l a'U)x(t'). Notice that p/(/) is precisely ||x"(/)||2. Lemma 1. // c<Ct, then the projection of xT(f) on K" is x"(f). The map t-*x(t) is continuous from [a, b] to H; therefore (g, x(t)) is continuous in t. But the equality just derived shows that it equals f(t) almost everywhere; therefore, since/is continuous, (g, x(t))=f(t) for all / in [a, b]. Then, denoting by P, the projection operator from H onto K", we get (F,g, x(t])) = (g, x(t]))=f(t]) = (x'(f), x(fj)), so that P,g = x°(f), and p'(f) = ||x"(/)||2 = ||P,g||2^||g||2.
In fact, /*(/)= |UIK because U" K° is dense in H, so that, as a gets finer and finer, P" converges strongly to the identity operator in H, and therefore HF^xH2->[|x| [2. On the other hand, suppose p(f) is finite. Then Hx'^f)!!2 is bounded, so that, by the weak compactness of a sphere in Hilbert space, there is some g in H and some cofinal sequence {cra} such that x"<»(/) converges weakly to g. Then, for any y in K", we have (P-g, y) = d, y) = lim (*"■(/), y) a = lim (F,x'«(f), y) = lim (x'(/), y) = (x°(f), y), so that P.g = **(/). 
(t"")-+f(t) as a increases, and similarly x(F)-*x(t). ||x*(/)|| is bounded by
(p(/))"2. And (x'(f), x(t')) is precisely f(f). Therefore (g, x(t))=f(t). But Thus the yj/n(f) are uncorrelated, and, since Gaussian, therefore independent. They all have variance equal to unity. By the standard convergence theorems it is then easy to conclude the fact mentioned in §1, namely, that the set of / for which zZ" | ^n(f) |2 < °° is a set of zero probability.
Remark 2. We are also in a position to say something about the dependence of u(f) upon the interval /. In fact, let /' be any subinterval of / with e««-»<ZF'(X), dF' ^ cdF.
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The truth of the remark follows from the next lemma. A^cBzzO. Then the range of A1/2 contains that of BU2.
Proof. Define T0 from the range of A1'2 to that of B1'2 by T0(All2x) = BU2x. Since c2||.B1/2x||2^||.<41/2x||2, this definition makes sense, and, in fact, F0 is bounded by c~l. T0 can therefore be extended to a bounded operator T on all of H. Now, TA1i2 = B1'2, so Al'2T*=B1l2, and the range of A1'2 clearly contains that of B112.
3. The operator R112. One can define a square root for R, as follows: given M in B, let 7» = W1,!/^W^(s). Then E I Tn|2 = E An j j Us)<Pn(t)du(s)dH(t) = ff P(t, s)dp(s)dp(t), and we define Rl,2p to be the element E» 7n0» m H. So Fl/2 is a linear map from B to H. Let F0 denote the unit sphere of B.
and, proceeding as in Lemma 4, we get this small by first choosing re0 large and then choosing a large.
The equality (h, Rll2p) =fSll2h(s)dfi(s) can be seen as follows: in Lemma 2 it was pointed out that E» (An)1/2(&, cpn)cpn(t) converges uniformly. Then /E» (An)1/2(&, <pn)<Pn(s)dp(s) = E» 7n(&, 0n), where F1/2/x= zZynfPn; this is the desired result. If dp = gdt, then (S"2g, cpn) = (\nyi2fcln(s)g(s)ds, but also (Fl'V, 0") = (\n)il2Un(s)dp(s), so that 51'2g = F1'2M. To see that 51'2Fl'2 = F: first, observe that 51'2F1'2|H = 5I'25,/2|iI = 5 = F| iaT. Now, by Lemma 2 and the first part of this theorem, Sll2R112 is continuous from BQ in the weak topology to C in the norm topology. Lemma 4 asserts the same for R. Finally, HC\B0 is weakly dense in BQ, since in particular the finite linear combinations of characteristic functions of Borel sets are so. Therefore S1/2F1/2 and F agree on F0, and hence on all of B.
Corollary.
i//=S1/2g, gEH, and also f=Rp, pEB, then ff(s)dp(s) = lkll2- Proof. That it is a subset is clear from the equality Sll2Rll2 = R. To see that it is a proper subset: the image under R112 of B0 is a compact subset of H, since B0 is weakly compact. Now, the range of R is the image under 5,/2 of the range of F1/2. Since 51/2 has no nullspace, its range would thus equal that of F only if the range of F1/2 were all of H. But R1,2(Bo) is compact in H, hence nowhere dense. Then U»_i (F0)1/2(reF0) is a first category set in H, and certainly not all of H.
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